Quantum superposition of localized and delocalized phases of photons 
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Based on a variant of 2-site Jaynes-Cummings-Hubbard model, which is constructed using su- 
perconducting circuits, we propose a method to coherently superpose the localized and delocalized 
phases of photons. In our model, two nonlinear superconducting stripline resonators are coupled by 
an interfacial circuit composed of parallel combination of a superconducting qubit and a capacitor, 
which plays the role of a quantum knob for the photon hopping rate: with the knob qubit in its 
ground/excited state, the injected photons tend to be localized/delocalized in the resonators. We 
show that, by applying a microwave field with appropriate frequency on the knob qubit, we could 
demonstrate Rabi oscillation between photonic localized phase and delocalized phase. Furthermore, 
this set-up offers advantages (e. g. infinite on/off ratio) over other proposals for the realization of 
scalable quantum computation with superconducting qubits. 

PACS numbers: 42.50.Pq, 42.50.Dv, 73.43.Nq, 03.67.-a 



Introduction. — Coupled arrays of nonlinear resonators 
have recently been shown to be suitable candidates for ex- 
ploring quantum many-body phenomena of light [l[ . So 
far, various strongly correlated effects and exotic phases 
have been studied using these artificial structures. Ex- 
amples include effective photon-photon repulsion Q , the 
Mott insulator-superfluid quantum phase transition of 
light [H , photonic Josephson effect Q , and time-reversal- 
symmetry breaking Compared to other strongly in- 
teracting many-particle systems, like Josephson junction 
arrays [fjj and optical lattices Q, coupled resonator ar- 
rays have the advantage of accessing individual sites ex- 
perimentally. 

Much recent work has focused on using polaritons in 
an array of coupled nonlinear resonators, described by 
the Jaynes-Cummings-Hubbard model (JCHM), to sim- 
ulate the famous Bose-Hubbard model In a coupled 
resonator array, the strong atom-photon coupling inside 
the resonator leads to an effective polariton repulsion, 
and the photon hopping between neighboring resonators 
favors derealization of the polaritons. As the ratio of 
the hopping term relative to the on-site repulsion is var- 
ied through the quantum critical point, the ground state 
of the system undergoes a transition from a product of 
localized states of definite polariton number to a delocal- 
ized state with large fluctuations in the polariton number 
per site. 

According to the linear superposition principle of 
quantum mechanics, any linear combination of two al- 
lowed states of a system is also an allowed state. The 
quantum phases are some special states of many-particle 
systems. It is thus natural to ask, can we produce the 
superposition involving distinct quantum phases at will? 
The purpose of this letter is to explore the possibility of 
superposing the localized and delocalized phases of po- 
laritons in a coupled resonator array. In order to keep 
the complexity of the system to a manageable level, we 
mainly consider the simplest possible case, i. e. two cou- 



pled resonators containing a total of two polaritons. In 
this case, it should be understood that in our usage the 
term "phase" refers to a certain state of a small finite 
system, not true phase in the thermodynamic sense. 

In our proposed model, two nonlinear stripline res- 
onators are coupled by an interfacial circuit playing the 
role of a quantum knob, which is composed of parallel 
combination of a superconducting qubit and a capaci- 
tor. Corresponding to the two basis states of the knob 
qubit, polaritons in the resonators are governed by differ- 
ent effective Hamiltonians, which favor localization and 
derealization of the polaritons, respectively. We show 
that, by applying spectroscopic techniques to the knob 
qubit, we can demonstrate Rabi oscillation between pho- 
tonic localized phase and delocalized phase. This opens 
up a way to make photons or polaritons enter novel quan- 
tum states and enables new investigations of many-body 
physics in coupled resonator arrays. In addition, this ar- 
chitecture can be used to solve the annoying on/off ratio 
problem of conventional proposals for scalable quantum 
computation with superconducting qubits. 

Model and Hamiltonian. — A sketch of our model is 
shown in Fig. 1. Two microwave stripline resonators, 




resonator 1 , quantum knob , resonator 2 



FIG. 1. (Color online) Two microwave stripline resonators, 
each containing a superconducting qubit, are coupled by a 
quantum knob composed of parallel combination of a qubit 
and a capacitor. The knob qubit is capacitively coupled to 
the resonators and can be driven by applying a microwave 
field on the control line. 
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each containing a superconducting qubit (e.g. phase [§] 
or charge qubit), are coupled by an interfacial circuit 
composed of parallel combination of a qubit q c and a ca- 
pacitor C c , which plays the role of a quantum knob. The 
knob qubit q c is capacitively coupled to the resonators 
and can be driven by applying a microwave field on the 
control line. The capacitor C c leads to direct photon 
hopping between the resonators [11]. Not considering 



the driving field now, the total system can be described 
by the Hamiltonian (assuming % = 1) 

H = E H ? c + HC > 



(i) 



which includes the Jaynes-Cummings (JC) interaction of 
the local resonator-qubit system 

H( c = e|e)«<e| + wa\a t + g{cr+a t + aTci\) (2) 

and the knob-mediated interaction between the res- 
onators 

H c = e c \e c ){e c \+g c {at a i+ a t a ^+H.c.)+Kn{a} l a2+a\a\). 

(3) 

Here, e, e c and w are the resonance frequencies for qi, 
q c and resonator i, respectively, g (g c ) is the coupling 
strength between q t (q c ) and resonator i, and n is the 
fixed photon hopping rate between the resonators in- 
duced by the capacitor C c . The states \g)i (\g c )) and 
\e)i (|e c )) are ground and excited states for q t (q c ), the 
operators o~f (<r+) and are qubit raising and 

lowering operators for qi (q c ), and a\ (a.j) is the photon 
creation (annihilation) operator for resonator i. 

With q c working in the dispersive regime, i. e. A c = 
e c — w ^> g c , the real energy exchanges between q c and 
the resonators are largely suppressed. In this case, we can 
perform the unitary transformation U = exp[^-(ai<r^" — 



a\<r„ - 



a 2 cr+ — o>2 a c )] an< ^ expand UHU^ to second order 



in 4 s - to obtain the effective system Hamiltonian [12 1 
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where cr* = |e c )(e c | — \g c )(g c \. The second and third 
terms of H e ^ represent the ac Stark shifted frequency of 
q c , and the fourth term is the sum of the direct photon 
hopping induced by C c and the qubit-state-dependent 



photon hopping mediated by q c . Choosing ^ 



Kq 



the 



parallel combination of q c and C c can function as a quan- 
tum knob [13[: with q c in its ground/excited state, the 
photon hopping between the resonators will be switched 
off/on. 

Now, we verify the above results by means of numer- 
ical simulations. Initially, one photon is injected into 
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FIG. 2. (Color online) The polariton numbers of resonator 1 
(thick lines) and resonator 2 (thin lines) as functions of time, 
with the knob qubit in (a) \g c ), and (b) |e c ). The solid and 
dashed lines represent the dynamics governed by H and H e ^ , 
respectively. 



resonator 1, with resonator 2 being empty. The parame- 
ters we choose are g c = g, kq — 0-lg, e = 45g, e c = 50g, 
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and w = 40 g, which yield Jf- = K o- In Fig- 2, we plot the 
polariton numbers of resonator 1 (thick lines) and res- 
onator 2 (thin lines) as functions of time, with the knob 
qubit in (a) \g c ), and (b) |e c ). The solid and dashed lines 
represent the dynamics governed by H and H e ^ , respec- 
tively. It is shown that, the evolution of the system can 
be described by H e ^ to a very good approximation, and 
we can really switch on and off the photon hopping by 
engineering the quantum state of q c . 

Eigenstates of the effective Hamiltonian H e ff . — In the 
following, we will calculate the eigenstates of the system 
Hamiltonian and show that, by choosing appropriate pa- 
rameters, our proposed 2-site JCHM can work in distinct 
regimes via only changing the internal state of q c . For 
simplicity, we use the effective system Hamiltonian and 
restrict our analysis to the case of the resonators contain- 
ing a total of two polaritons. 

2 

If ^ = Kq and q c is in \g c ), the photon hopping terms 
vanish and the system can be described by Hamiltonian 
Hg — 2 H'i C ■ Here, we have written the ac Stark 

shifting terms into Hf and the resonator frequency uu 
is replaced by a shifted frequency w — w — J- 2 -. The 
local JC Hamiltonian Hf c can be diagonalized in the 
basis of polariton states [3]. Let \n,g) (\n, e)) rep- 
resent a resonator that contains n photons and a sin- 
gle qubit in the ground (excited) state, then the up- 
per and lower n-polariton states of resonator i can be 
given by \n+)i = sin0„|rc - l,e)j + cos9 n \n,g)i, and 
\n—)i = cos 8 n \n— 1, e)j— sin 6 n \n, g)i, respectively, where 



tan#„ = (f + y (f) 2 + n g 2 )/V™g and A = e-w. Spe- 
cially, the zero-polariton state |0— }i = |0, g)i. In or- 
der of increasing energy, the eight eigenstates of 
are {|l-)i|l-> 2 , |2-)i|0-) 2 , |0->i|2-) 2 , |l-)i|l+) 2 , 
|l+)i|l-) 2 , |2+)i|0-) 2 , |0-) 1 |2+) a , |l+)i|l+) 2 }. The 
state |1 — ) 1 1 1 — ) 2 is exactly the ground state of 2-site 
JCHM in the localized regime. 
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If jf- = Ko and q c is in |e c ) , the system can be described 

by H^ff = J2i=i 2 + ^Ko{a\a2 + a\a\). In this case, 
the resonator frequency w is replaced by a shifted fre- 
quency w = w + Jf- and the two resonators are cou- 
pled by a strength J = 2ko. If J is much smaller than 
the energy splitting between the upper polariton branch 
and lower polariton branch, then the mixing of different 
branches is negligible, and the lowest three eigenstates of 
Hl'f are linear combinations of |1— )2, |2— )i|0— )i 
and 1 — ) 1 1 2 — ) 2 - If we further require that J dominates 
over the effective repulsive energy u r between two po- 
laritons of lower branch (u r equals the energy splitting 
between |1— )i|l— )% and 1 2 — ) 1 10 — ) 2) , then the coupled 
resonators work in the delocalized regime. In this case, 
the lowest three eigenstates of H^f can be approxi- 



mated by the states 



||2-> 1 |0-) 2 + ||0-> 1 |2-) 2 - 



^|l-)ill-) 2 , W e = ^|2-}x|0-) 2 - ^|0->i|2-> 2 , 
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and \cb)l = ||2-) 1 |0-) 2 + i|0-> 1 |2-> 2 + ^|l-)i|l-> 2 , 
respectively. These states are the eigenstates of 2-site 
JCHM in the large hopping limit. Note that, "J domi- 
nates over u r v does not mean J>u r . Following the re- 
sults of the pure Bose-Hubbard model, the quantum crit- 
ical point of entering into delocalized regime is J ~ 0.3u r 
15]. 

In Fig. 3, we plot the spectrum of H e '* with the res- 
onators containing a total of two polaritons. The param- 
eters we choose are g c — g, kq — O.lg, e = Alg, e c = 50c/, 
and w — 40g. The lower eight (1^)^,1 < j < 8) and 
higher eight eigenstates (\ip) k , 9 < k < 16) are two mani- 
folds corresponding to q c in \g c ) and |e c ), respectively, £) 
(1 < I < 16) are the related sixteen eigenvalues, and the 
eigenstates \ip) m with 12 < m < 16 all involve upper po- 
lariton states of the resonators. With these parameters, 
we have u r = 0.259g, J = 0.2g, and | 9 (^|e c ) \4>)\ \ = 0.980, 
\ w {^\e c )\4>)l\ = 0.998, \ ll {il>\e c )\4>)l\ = 0.979. Therefore, 
by choosing these parameters, we can make this 2-site 
JCHM stay in localized and delocalized regime via engi- 
neering q c in \g c ) and |e c ), respectively. 

Quantum superposition of distinct quantum phases of 
photons. — As shown above, our proposed system has 
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FIG. 3. (Color online) Spectrum of H e ^ with the resonators 
containing a total of two polaritons. The parameters we 
choose are g c — g, ko = O.lg, e = 41g, e c = 50g, and w = 40g. 



the features of nonlinear spectrum and qubit-state- 
dependent light phases. These features allow us to 
demonstrate the Rabi oscillation between the localized 
phase and delocalized phase using a spectroscopic tech- 
nique. Now, we apply a microwave field with frequency 
Wd and strength £1 to the control line of q c , then the total 
system Hamiltonian reads 



H tnt = H 



Sl(a+e- lWdt + cr-e lw ' lt ). (5) 



If Wd is chosen to be equal to the energy splitting between 
{ip) 1 and \ip) 9 , an d il is not big enough to induce the off- 
resonant transitions, then the effective system Hamilto- 
nian in the interaction picture is approximately 

Hi% = nm i ®*^\ + \^® i m, (6) 

where O = 9 (?/>|S!<7+|'0) 1 is the effective transition ele- 
ment. Start with the initial state l^) 1 , the evolution of 
the system can be described by 

|$(t)) = cos(f7'<)|V) 1 + sin(fi't)IV') 9 . (7) 

Because \tpy and \ip) 9 describe a 2-site JCHM in local- 
ized and delocalized phase, respectively, Eq. (7) can be 
seen as the Rabi oscillation between two distinct quan- 
tum phases. By choosing t = j^r, the system can be 
engineered into a Schrodinger cat superposition of local- 
ized and delocalized phases. Here, the "dead cat" corre- 
sponds to the resonators are decoupled and the polaritons 
are frozen in local sites, and the "living cat" corresponds 
to the resonators are strongly coupled and the polaritons 
are delocalized through the sites. 

For a practical situation, the errors induced by the off- 
resonant transitions have to be considered. In Fig. 4(a), 
we present all the related nonzero transition elements 
between the eigenstates when we pump the system from 
I?/ 1 ) 1 to \ip) 9 - The solid arrow represents the designed 
transition, and dashed arrows represent the unwanted off- 
resonant transitions. The minimal off resonance can be 
obtained as S = mm(£ , 2 , E w — Eg — E 2 ). To suppress the 
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FIG. 4. (Color online) (a) The related nonzero transition ele- 
ments between the eigenstates when we pump the system from 
lip} 1 to \ip} 9 . The solid arrow represents the designed transi- 
tion, and dashed arrows represent the unwanted off-resonant 
transitions, (b) The dynamics of the system governed by the 
exact Hamiltonian H to t- The solid and dashed lines represent 
the time-dependent values of | x (ip\^' (t)) | and |J{0|(e c |*'(t))|, 
respectively. 
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off-resonant transitions, the transition element ft is re- 
quired to be smaller than <5. In Fig. 4(b), we show the dy- 
namics of the system governed by the exact Hamiltonian 
H tot in Eq. (5). The parameters we choose are g c = g, 
k = O.lg, e = 41g, e c = 50g, w = AOg, w d = 50.27505 
and = 0.07g, which yield S = 0.21515 and ft = 0.0495c? 
[iHj . The solid and dashed lines represent the time- 
dependent values of l 1 ^*'^))! and \l(<j)\(e c \H>' (t))\, re- 
spectively, where (£)) is the exact system state ob- 
tained by numerically integrating H to t- At the time in- 
stants marked by small rectangles, the system is engi- 
neered into the equal superposition of |g c )|l— )i|l— /2 and 
\e c Ml ; 

In principle, this scheme can be generalized to the more 
complicated cases (e. g. connecting a larger number of res- 
onators and injecting more polaritons). However, some 
problems will arise when we deal with a larger system. 
First, the complicated system has a very large Hilbert 
space and a very dense energy spectrum, so it is difficult 
to identify the designed transitions using spectroscopic 
techniques. Second, the increase in the number of polari- 
tons will lead to a shorter coherence time of the system, 
so it is difficult to complete the wanted operations before 
dissipations occur. 

Controllable interbit coupling with infinite on/ 'off 
ratio. — Superconducting circuits are promising candi- 
dates for constructing quantum bits because of their po- 
tential suitability for large-scale quantum computation 
17J . Usually, the coupling and decoupling of the super- 
conducting qubits are implemented by tuning their fre- 
quencies in and out of resonance, respectively 12, Il8j . 
The residual interaction that exists when the qubits are 
detuned from each other, however, limits the accuracy 
of these proposals. A controllable coupling mechanism, 
which has infinite on/off ratio, is desirable. Here, we will 
show that, the circuit proposed in this letter can be used 
to achieve this goal. Let us use the zero-polariton state 
and lower 1-polariton state of resonator i to represent the 
two states of logical qubit i, i.e. , \0) l L = |0— ), = \0,g)i, 
and = 



\l)l\0)l^ C os(j't)\l)l\0) 2 L -iMJ't)\0)l\l) 



(8) 



tan6»i = £ + 



A)2 



1. 



A 

ways stay in its ground state \g' 



cos0i|O,e)i — sin0i|l,5)j, where 
We make the knob qubit q c al- 
then the two resonators 

2 

are coupled by a strength J = k — jg-. To decouple the 
logical qubits, we tune A c to an appropriate value so that 

2 

Kq = 4*- and J = 0. To switch on the coupling, we tune 

2 

A c to another value so that J = k q — Jf" but J is 
much smaller than the effective repulsive energy u r . In 
this case, if one local resonator has a polariton in it, the 
strong photon blockade effect will prevent a second po- 
lariton from entering it. Finally, one can easily get the 
state evolution of the system: 



|0)l|0)| |0>i|0)i, 



ID! ID? 



HUID 2 



L ■ 



where J = (acq — ^)sin 2 6' 1 is the effective polariton 



hopping rate. By choosing t 



4.7' 



we can realize the 



\J zswap gate of two logical qubits. This architecture 
is scalable to a large number of logical qubits and may 
be specially suitable for implementing one-way quantum 
computation [l9| . 

Conclusion. — In this letter, we propose a method 
to engineer two microwave resonators into a quantum 
superposition of being decoupled and strongly coupled 
(correlated with a knob qubit in ground state and ex- 
cited state). Using a variant of 2-site Jaynes-Cummings- 
Hubbard model, we generate entanglement between the 
distinct quantum phases of the injected polaritons and 
the internal states of the knob qubit. This architecture 
can also be used to solve the annoying on/off ratio prob- 
lem of conventional proposals for scalable quantum com- 
putation. Our proposed circuit may play an important 
role in quantum engineering of novel states of microwave 
photons and quantum information processing with su- 
perconducting qubits. 
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